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Statistical Physics, Neural Networks  
and Combinatorial Optimization 
By Michael R. Douglas, Affiliate Faculty, Simons Center for Geometry and Physics

Introduction
The idea of humanoid intelligent automata goes 
back to the ancient Greeks, and intensive study 
of arti!cial intelligence began soon after the con-
struction of the !rst electronic computers in the 
1940’s. But the 2010s will be remembered as the 
decade when it came into its own, begining with 
the 2011 success of IBM’s Watson at the game 
show Jeopardy, through the 2019 development of 
GPT-2, a program that among other things can write  
real-sounding newspaper stories, and shows no 
sign of slowing down. Above all, the 2016 triumph 
of DeepMind’s AlphaGo program over Lee Sedol, the 
second ranked Go grandmaster in the world, con-
vinced many people (including myself) that AI had 
reached a new level.

These advances did not spring out of nowhere, and 
in fact many of the underlying concepts were devel-
oped decades ago, with important contributions by 
mathematicians and physicists. One theme, which 
we will focus on here, was to invent idealized mod-
els of neural systems, which could be analyzed 
using tools from statistical physics. This work was 
largely theoretical, and for many years computers 
were not powerful enough to use these models for 
practical applications. This started to change in 
the 90s, and now of course we are in the opposite  
situation where new practical results far outrun our 
theoretical understanding.

As an applied !eld, machine learning (ML) has closer 
connections to statistics and applied mathematics 
than to pure mathematics and physics. Still, the 
early connection with statistical physics led to con-
cepts and methods which remain quite important. 
In this article we will discuss the relation between 
disordered systems and combinatorial optimiza-
tion, which grew out of the work on spin glasses of  
Giorgio Parisi and the ENS school.

Before we begin, let me brie"y survey a few more 
areas at the interface between AI/ML, mathematics 
and physics, which I discuss in more detail in my talk 
[14]. As we have all heard, scienti!c computation 
and data analysis is being transformed by methods 
developed for machine learning. Collider experi-
ments and astronomical observatories produce huge 
datasets, whose analysis is increasingly challeng-
ing. Rather than develop custom methods for each 
problem, general concepts in statistics and ML can 
be adapted for a wide variety of problems [10]. Even 
for much studied problems in computational physics 
and applied mathematics, such as protein folding, 
ab initio quantum computations and "uid mechan-
ics, new methods are producing dramatic advances, 
such as the recent success of DeepMind’s AlphaFold 
[25]. Many canonical structures in mathematics can 
be studied using ML techniques, and a particularly 
well developed example is Kähler-Einstein metrics 
[3, 8, 13, 15]. Many of these interests intersect in 
the mathematical study of feed-forward networks 
for representing functions, in particular as solutions 
to partial differential equations as in [16, 17, 23].

What about questions that directly address the 
central problems of AI? These include the ability to 
understand and use language, and to make and ex-
ecute plans. Many researchers in AI have argued 
that the cleanest domain in which to study these  
matters is pure mathematics, and have posed ques-
tions such as: Can a computer !nd a mathematical 
proof, or discover a mathematical concept? In fact 
there is a very direct analogy between !nding a 
proof and playing a game of solitaire, which enables 
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that determines a hierarchical or “tree” structure. 
Using an assumption of “complete replica symmetry 
breaking,” one can compute the overlaps between 
different basins at different !, making the picture 
quantitative.

The replica method leads to insights into disor-
der, which have been applied to many !elds: just 
to consider biology, there is work on protein fold-
ing [9], the immune system [26], and many works 
in neuroscience. The !rst of these was Hop!eld’s 
model of memory [2, 18, 19]. This describes the pro-
cess by which a group of neurons, given a stimulus, 
can classify it into one of a few groups (call these 
“memories”) and produce an appropriate response 
for each group. Hop!eld’s motivating example was 
the sense of taste in the snail, which can identify 
hundreds of distinct substances and learn which 
ones are good to eat. But the model has interest far 
beyond neuroscience, as the classi!cation problem 
is very central to machine learning.

To de!ne the Hop!eld model, we start by writing 
Eq. (1). The variables Si are interpreted as “activa-
tions” of neurons, for example we might set Si = +1 
if neuron i is !ring and Si = #1 if not. The coupling 
Jij is the strength of a synapse connecting neurons i 
and j. A value J < 0 favors correlated !ring, so corre-
sponds to an excitatory synapse. One can also have 
J < 0 and inhibition. All these analogies to neurosci-
ence are suggestive but very imprecise, for exam-
ple Eq. (1) requires the couplings to be symmetric, 
which is almost never the case in real life. Still, as 
physicists we can look for properties independent 
of such details.

Associative memory is idealized as follows. We have 
a list of con!gurations Si

(1), Si
(2) and so on, each a set 

of activations which represents one of the memo-
ries. We then start the system in an arbitrary con-
!guration Si(t = 0), and we want to show there is a 
choice of couplings Jij and some dynamics such that 
the system will evolve towards whichever of the 
Si

(a) is most similar to the original stimulus—say, has 
the largest dot product "iSi(t =0)Si

(a). The dynamics 
thus de!nes a basin of attraction (a region around 
Si

(a) which evolves to it), in other words a set of stim-
uli that the model will associate with memory “a”.

the use of the same techniques behind AlphaGo for 
mathematical theorem proving. These connections 
are actively studied by researchers in AI and theo-
rem proving [1].

Statistical Physics and the Hopfield Model
Consider a piece of copper (nonmagnetic) doped 
with a small amount of manganese (magnetic). This 
is a prototypical example of a spin glass, modeled by 
the Hamiltonian

                             

The random positions of the impurity atoms are 
idealized by taking each of the couplings Jij (for a 
given i and j) as an independent random variable 
(say, Gaussian with zero mean).1 Spin glasses dis-
play all sorts of strange behaviors such as an anom-
alously slow decay of induced magnetization. One 
signal of this is frustration, groups of pairwise  
interactions with con"icting signs and no common 
ground state. This leads to a very large number of 
local minima of the energy separated by potential 
barriers, leading to this slow decay.

During the 70s a theoretical understanding of spin 
glasses was developed, with major insights coming 
from the development of the replica method by Pa-
risi and collaborators [20]. Without going into de-
tails, the starting point is the observation that to 
analyze a spin glass one takes sums over spin con-
!gurations to get a free energy, which must then be 
averaged over random couplings. This second aver-
age is not weighed by the spin partition function (it 
is“quenched”) and to do it, one employs a mathe-
matical “trick” of considering Nrep replicas (copies) 
of the spin system and taking Nrep !  0. While !c-
titious, the replica structure actually re"ects many 
qualitative properties of the system.

One of these properties is the “ultrametric struc-
ture” of the landscape and its basins of attraction. To 
describe this, let us consider the set of approximate 
ground states, spin con!gurations with H(S) < (1# !)
Hmin, where Hmin is the ground state (minimum pos-
sible) energy and ! > 0 is some small parameter. As 
we increase !, the set becomes larger—and the way 
this happens is that different basins merge, in a way 

1 The original Edwards–Anderson spin glass Hamiltonian multiplies 
Jij by a position dependent             term to suppress couplings 
between distant atoms, but this is not essential for our discussion. 
Setting f = 1 one obtains the Sherrington-Kirkpatrick model, with 
similar properties.

(1)



!eld of combinatorial optimization, a broad term 
for problems that require extremizing a func-
tion of a large number of discrete variables. The  
traveling salesman problem is a well known exam-
ple, in which the variables are the choice of succes-
sive cities for the salesman to visit and the function 
is the total distance traveled. Like many such prob-
lems, this one is in the complexity class NP, meaning 
that while it is easy to check that a proposed route 
is short, it is hard to !nd short routes (see [4,12] for 
precise explanations). The problem of !nding low 
energy con!gurations of Eq. (1) for generic Jij (tak-
ing Si = ±1) is also in NP (it is a special case of the 
“quadratic assignment problem”).

These problems are also NP-hard, meaning that 
if we could solve them ef!ciently, we could solve 
any other problem in NP. This type of universality 
is central to computational complexity theory and 
suggests that ideas relevant for Eq. (1) have broader  
applicability. Indeed a straightforward generaliza-
tion of Eq. (1) leads to a very central problem in com-
puter science, the SAT (satisfaction) problem. Still, 
taking the variables Si = ±1, we add higher order 
interactions, of the form

Each Fijk is chosen from one of the eight functions

The idea is that each choice Si = +1 or #1 represents 
a Boolean variable xi which can be true or false. The 
functions Eq. (4) represent logical clauses which are 
the AND of three terms, either xi for 1 + Si or NOT 
xi for 1 # Si, and take the value 0 if the clause is 
true (satis!ed) or 1 if false. Thus the value of Eq. 
(3) is the number of clauses which are not satis!ed, 
and a con!guration with HSAT = 0 satis!es all of 
the clauses. More generally one could take clauses 
with k variables and thus k’th order interactions, to 
get the k-SAT problem. As physics intuition would 
suggest, k = 2 is easier, while the computational 
complexity class is the same for all k $ 3.

One can show that any formula in propositional logic 

Assuming that the dynamics favors con!gurations 
with low energy, it is not hard to see that the  
following choice of couplings could work:

One starts by checking that each Si
(b) is a local min-

imum. Of course the term with a = b will be large 
and negative, H = !N/n where N is the number of 
neurons. Then, if the memories are randomly dis-
tributed in some sense (say, each component is inde-
pendently chosen to be ±1 with equal probability), 
each of the other contributions will be of order %N/n. 
The sum of these competing effects could then be 
estimated as %N/n. So, for n << N, they should not 
disturb the local minimum at Si

(b). Thus, each of the 
n memories will be a local minimum.

This argument is borne out by simulation—one 
!nds that Eq. (2) has the desired minima as long as  
n # 0.14N, while for larger n the competing  
effects spoil this. As N becomes large this threshold 
becomes sharp and in this sense there is a phase 
transition in the model. This observation was very 
in"uential as we explain shortly. The threshold ratio $ ~ 0.14 can be computed using the replica method, 
and eventually rigorous arguments appeared [27].

Although drastically simpli!ed compared to real 
neural systems, Hop!eld’s hope was that his model 
might capture some real world phenomena. An ex-
ample was presented by Michail Tsodyks at the 
SCGP January 2020 workshop “Physics of Neural 
Circuits and Network Dynamics” [24]. A classic  
experiment in human memory is free recall, in which 
one gives a subject a list of words to learn and later 
repeat, in any order, with no prompts or clues. This 
requires not just learning the words but also gen-
erating them spontaneously, in a way that could be 
modeled by the attractor dynamics of the Hop!eld 
model. The model can explain observable quantities 
such as the number of items that can be recalled 
as a function of time, and the distribution of recall 
times by item.

Combinatorial Optimization
From the point of view of computer science, the 
problem of !nding minima of Eq. (1) is part of the 
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can be rewritten in terms of such clauses, so this is a 
general formulation of the problem of solving systems 
of equations in Boolean logic. In fact, any algorithm 
can be reformulated in terms of such a system, so an 
ef!cient algorithm for solving it would solve a wide 
class of problems: 3-SAT is the prototypical NP-com-
plete problem. It is generally believed that no such 
ef!cient algorithm exists, and the conjecture that  
P & NP is one of the Clay Millennium Prize problems.

Of course the statement that problems in NP are 
dif!cult is a worst-case statement, and many in-
stances are easy to solve. For example, if no NOT 
appears in the equations then we can simply take 
all the variables to be true. More generally, one ex-
pects these problems to be easy if there are very 
few clauses (most assignments work), easy if there 
are very many clauses (which will contradict each 
other), and harder in an intermediate case.

To make this precise, we de!ne the random k-SAT 
problem in which the number of clauses and vari-
ables is !xed, but the speci!c set of clauses (or 
Hamiltonian Eq. (3)) is chosen by uniformly sam-
pling among the possibilities. We can then ask for 
the probability that an instance is satis!able, or the 
expected number of satisfying assignments.

De!ne $ = n/N to be the number of clauses divided 
by the number of variables. In !gure 10.4 we plot the 
fraction of satisfying assignments as a function of $ for k = 2, 3, for various choices of N. As one increases $, one sees a steep drop for both k, and the N depen-
dence on the k = 3 graph suggests that this might 
become sharp as N % '. This intuition is supported 
by the second graph which plots the computational 
effort required to !nd a solution as a function of $—
this peaks at a slightly larger value of $.

This is suggestive of a phase transition, and this idea 

was con!rmed using the replica method by Parisi and 
collaborators [21]. The same approach can be applied 
to other random problems in combinatorial optimiza-
tion and statistics, and such phase transitions are 
very common. A general idea which has emerged is 
that such problems often have two thresholds, one 
information theoretic (whether a solution exists) 
and one computational (whether a solution can be 
ef!ciently found), with both transitions becoming 
sharp in a suitable limit of large problem size. For a 
comprehensive overview see the recent survey [28].

Let us !nish by coming full circle, and asking: What 
do these ideas have to say about the original prob-
lem Eq. (1)? Considered as a problem in combinato-
rial optimization, we are given a matrix of couplings 
Jij , and our task is to !nd the con!guration of spins 
Si ! {±1} with the lowest possible energy, call it Emin. 
Not only is this hard, it is even hard to !nd approxi-
mate ground states with H < (1 # !)Emin[7].

But, this is for the worst case. Suppose we ask for 
an algorithm which works for most choices of Jij , i.e. 
with high probability in the Gaussian distribution. 
Such an algorithm, called incremental approximate 
message passing (IAMP), was recently proposed by 
Montanari and collaborators [5, 22], based directly 
on the ultrametric structure of pure states. With-
out going into details (given in [6]), the algorithm 
descends the tree of approximate ground states in 
a step-wise fashion. They even proved it works, in 
time linear in the number of spins (for a given ! > 0), 
under the hypothesis of complete replica symmetry 
breaking.

Such optimization problems are the foundations of 
ML, and such results give hope that the (so far) very 
empirical study of ML will soon be complemented by 
an equally rich and powerful theoretical framework. ·

Figure 10.4 
The probability that a formula 
generated from the random 
K-SAT ensemble is satisfied, 
plotted versus the clause  
density $. Left: K = 2; Right: 
K = 3.
Mezard and Montanari, Informa-
tion, Physics, and Computation, 
Oxford University Press, 2009.
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