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" NBUIFNBUJDBM CJMMJBSE JT B DPODFQUVBMMZ TJNQMF EZ�
OBNJDBM NPEFM EFTDSJCJOH UIF NPUJPO PG B GSFF QBSUJ�
DMF JO B EPNBJO TVCKFDU UP UIF FMBTUJD SFýFDUJPO PGG UIF
CPVOEBSZ� BU UIF JNQBDU QPJOU UIF UBOHFOUJBM DPN�
QPOFOU PG UIF WFMPDJUZ SFNBJOT UIF TBNF XIFSFBT
UIF OPSNBM DPNQPOFOU DIBOHFT UIF TJHO� "T B SF�
TVMU UIF JODPNJOH BOE UIF PVUHPJOH WFMPDJUZ WFDUPST
IBWF FRVBM NBHOJUVEFT BOE NBLF FRVBM BOHMFT XJUI
UIF CPVOEBSZ� 5IJT JT UIF GBNJMJBS MBX PG HFPNFUSJ�
DBM PQUJDT� UIF BOHMF PG JODJEFODF FRVBMT UIF BOHMF PG
SFýFDUJPO�

#JMMJBSET IBWF BMXBZT DBQUVSFE UIF BUUFOUJPO PG SF�
TFBSDIFST JO EJGGFSFOU BSFBT PGNBUIFNBUJDT� OPU POMZ
JT UIFJS MBX PG NPUJPO WFSZ QIZTJDBM BOE JOUVJUJWF CVU
EVF UP UIFJS NBOJGPME OBUVSF UIFZ QSPWJEF B GSVJU�
GVM MBCPSBUPSZ XIFSF EJGGFSFOU JEFBT BOE BQQSPBDIFT
GSPN EZOBNJDBM TZTUFNT BOBMZTJT HFPNFUSZ FUD���
JOUFSBDU BOE CFOFåDJBMMZ JOUFHSBUF�

#JMMJBSE�UZQF EZOBNJDT JT VCJRVJUPVT BOE UIFSF BSF
NBOZ NPUJWBUJOH FYBNQMFT GPS JUT TUVEZ�

#JMMJBSET BQQFBS JO UIF BOBMZTJT PG NBOZ QIZTJDBM
TZTUFNT GPS FYBNQMF� NFDIBOJDBM TZTUFNT XJUI
FMBTUJD DPMMJTJPOT 	J�F� TVCKFDU UP UIF QSFTFSWBUJPO PG
FOFSHZ BOE NPNFOUVN
 PS QIZTJDBM TZTUFNT XJUI
JNQBDUT XIFSF B TNPPUI CPVOEFE JOUFSBDUJPO DPN�
QPOFOU 	F�H� BUUSBDUJPO CFUXFFO BUPNT
 DPFYJTUT
XJUI B TIPSU SBOHF SFQVMTJPO 	F�H� BUPNJD SFQVM�
TJPO CFUXFFO BUPNT
 HJWJOH SJTF UP TUFFQ QPUFOUJBMT
XIJDI NBZ CF BQQSPYJNBUFE BT B TJOHVMBS QFSUVSCB�
UJPO CZ FMBTUJD SFýFDUJPOT�

%VF UP UIF BCPWF NFOUJPOFE PQUJDBM JOUFSQSFUBUJPO
PG UIF SFýFDUJPO MBX CJMMJBSE EZOBNJDT DBO CF TFFO
BT UIF SFýFDUJPO PG B SBZ PG MJHIU JOTJEF B EPNBJO
XJUI NJSSPSFE XBMMT UIVT USBOTMBUJOH UIF PQUJDBM
QSPQFSUJFT PG UIF EPNBJO JOUP EZOBNJDBM GFBUVSFT PG
UIF CJMMJBSE� 5IJT NBLFT UIF TUVEZ PG CJMMJBSET TJH�
OJåDBOU GPS QPTTJCMF BQQMJDBUJPOT JO HFPNFUSJD PQ�
UJDT 	F�H� GSFFGPSN PQUJDBM EFTJHO NBOVGBDUVSJOH PG
JEFBMT MFOTFT FUD�
 8F SFNBSL UIBU PQUJDBM QSPQFS�
UJFT PG DPOJD TFDUJPOToXIJDI BSF SFMBUFE UP UIF EZ�
OBNJDT PG UIF BTTPDJBUFE CJMMJBSEToXFSF XFMM�LOPXO
UP UIF BODJFOU (SFFLT� "DDPSEJOH UP UIF MFHFOE
"SDIJNFEFT VTFE UIF GPDBM QSPQFSUZ PG B QBSBCPMB UP
CVSO 3PNBO TIJQT EVSJOH UIF 4JFHF PG 4ZSBDVTF JO
���o��� #$&�

" UFYUCPPL FYBNQMF JT B TZTUFN PG UXP NBTT�QPJOUT
JO B TFHNFOU UIBU SFýFDU PGG UIF FOEQPJOUT BOE DPM�
MJEF FMBTUJDBMMZ� 5IF DPOåHVSBUJPO TQBDF PG UIJT TZT�
UFN JT ��EJNFOTJPOBM BOE JU JT JTPNPSQIJD UP B CJMMJBSE
JOTJEF B SJHIU USJBOHMF XIPTF BOHMFT EFQFOE PO UIF
SBUJP PG UIF NBTTFT� 4FF 'JHVSF � PO UIF MFGU�

" MFTTFS�LOPXO WBSJBUJPO JT B TZTUFN PG UISFF NBTT�
QPJOUT PO B DJSDMF� 	'JHVSF � PO UIF SJHIU�
 5IF SPUB�
UJPOT PG UIF DJSDMF BSF TZNNFUSJFT PG UIJT TZTUFN BOE
BGUFS UIFZ BSF GBDUPSFE PVU POF PCUBJOT B CJMMJBSE JO
BO BDVUF USJBOHMF XIPTF BOHMFT BSF HJWFO CZ UIF GPS�
NVMB
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" NVDI NPSF DPNQMJDBUFE CJMMJBSE TZTUFN NPEFMT
JEFBM HBT� UIF NPMFDVMFT BSF SFQSFTFOUFE CZ CBMMT
UIBU DPMMJEF FMBTUJDBMMZ� 5IF GBNPVT #PMU[NBOO )Z�
QPUIFTJT PG TUBUJTUJDBM QIZTJDT TUBUFT UIBU UIJT TZTUFN
JT FSHPEJD PO B DPOTUBOU FOFSHZ MFWFM JO UIF QIBTF
TQBDF BOE NVDI XPSL PO CJMMJBSET XBT EPOF UPXBSE
JUT QSPPG�

"OPUIFS QPQVMBS NPEFM PG TUBUJTUJDBM QIZTJDT JT UIF
-PSFOU[ HBT XIJDI EFTDSJCFT UIF NPUJPO PG FMFDUSPOT
JONFUBMT� 5IJT JT UIF CJMMJBSE JO B EPNBJOXJUI B OVN�
CFS PG EJTKPJOU DPOWFY TDBUUFSFST SFNPWFE� *G UIF EP�
NBJO JT UIF QMBOF BOE UIF TDBUUFSFST BSF QFSJPEJDBMMZ
QPTJUJPOFE JO JEFOUJDBM EJTDT UIJT SFEVDFT UP UIF CJM�
MJBSE JO B UPSVT XJUI B DJSDVMBS IPMF BT TUVEJFE CZ :B�
4JOBJ� 4VDI CJMMJBSET FYIJCJU IZQFSCPMJD EZOBNJDBM
CFIBWJPS�

0OF DBO DPOTJEFS UIF NPUJPO PG B DIBSHF JO B DPO�
TUBOU NBHOFUJD åFME DPOåOFE UP B QMBOBS EPNBJO�
5IF USBKFDUPSJFT PG UIF DIBSHF BSF BSDT PG 	-BS�
NPSF
 DJSDMFT BOE UIF SFýFDUJPO PGG UIF CPVOEBSZ JT
EFTDSJCFE CZ UIF TBNF MBX PG HFPNFUSJDBM PQUJDT�
4VDI NBHOFUJD CJMMJBSET 	JOUSPEVDFE CZ UIF QSPNJ�
OFOU QIZTJDJTUT 3PCOJDL BOE #FSSZ <��>
 BSF QPQVMBS
PCKFDUT PG TUVEZ JO NBUIFNBUJDT BOE NBUIFNBUJDBM
QIZTJDT�

5IFSF BSF NBOZ PUIFS CJMMJBSE�MJLF TZTUFNT BOE WBSJ�
BUJPOT UIBU DBO CF PCUBJOFE CZ DIBOHJOH UIF MBX
PG NPUJPO PG UIF QBSUJDMF PS UIF SFýFDUJPO MBX BU

UIF CPVOEBSZ� 'PS FYBNQMF� PVUFS CJMMJBSET 	XIPTF
TUVEZ XBT QVU GPSXBSE CZ .PTFS <��>
 TZNQMFDUJD
CJMMJBSET 	"MCFST BOE 5BCBDIOJLPW <�>
 XJSF CJMMJBSET
	#JBMZ .JSPOPW BOE 5BCBDIOJLPW <�>
 'JOTMFS BOE
.JOLPWTLJ CJMMJBSET 	(VULJO BOE 5BCBDIOJLPW <��>

UJMJOH CJMMJBSET SFGSBDUJPO CJMMJBSET 	%F #MBTJ BOE 5FS�
SBDJOJ <�> NPUJWBUFE CZ UIF TUVEZ PG DFSUBJO HBMBYZ
NPEFMT
 FUD�

5IF RVBMJUBUJWF EZOBNJDBM QSPQFSUJFT PG CJMMJBSET BSF
FYUSFNFMZ OPO�MPDBM BOE BSF QSPGPVOEMZ JOUFSUXJOFE
XJUI UIF HFPNFUSZ PG UIF EPNBJO� 5IJT USBOTMBUFT
JOUP SJHJEJUZ QIFOPNFOB UIBU QSPWJEF UIF HSPVOE GPS
TPNF PG UIF GPSFNPTU RVFTUJPOT JO EZOBNJDBM TZT�
UFNT XIJDI IBWF CFFO DIBMMFOHJOH SFTFBSDIFST GPS
NBOZ EFDBEFT BOE IBWF FOUISBMMJOH MJOLT UP JNQPS�
UBOU PQFO RVFTUJPOT JO PUIFS åFMET� -FU VT NFOUJPO
TPNF PG UIF NPTU JDPOJD RVFTUJPOT�

#JSLIPGG $POKFDUVSF� " TZTUFNBUJD TUVEZ PG CJMMJBSET
JO TUSJDUMZ DPOWFY QMBOBS EPNBJOT XJUI B TNPPUI
CPVOEBSZXBT QVU GPSXBSE CZ (� #JSLIPGG JO UIF FBSMZ
��UI DFOUVSZ BOE TVDI CJMMJBSET BSF OBNFE BGUFS IJN�
5IF QIBTF TQBDF PG B #JSLIPGG CJMMJBSE JT DPNQSJTFE
PG UIF PSJFOUFE DIPSE PG JUT CPVOEBSZ BOE UIF CJM�
MJBSE SFýFDUJPO EFåOFT UIF CJMMJBSE CBMM USBOTGPSNB�
UJPO PG UIJT TQBDF� 5PQPMPHJDBMMZ UIJT TQBDF JT BO BO�
OVMVT BOE UIF USBOTGPSNBUJPO JT BO FYBNQMF PG BO
BSFB�QSFTFSWJOH UXJTU NBQ�

"O FYBNQMF JT UIF CJMMJBSE JOTJEF BO FMMJQTF� 5IJT EZ�
OBNJDBM TZTUFN JT DPNQMFUFMZ JOUFHSBCMF� FWFSZ USB�
KFDUPSZ SFNBJOT UBOHFOU UP B DPOGPDBM DPOJD BO FM�
MJQTF PS B IZQFSCPMB 	PS BMUFSOBUFT CFUXFFO UIF UXP
GPDJ
 TFF 'JHVSF �� 5IFTF DPOGPDBM DPOJDT BSF DBVT�
UJDT� UIFZ DPSSFTQPOE UP JOWBSJBOU DVSWFT PG UIF CJM�
MJBSE CBMM NBQ JO UIF QIBTF TQBDF�

"DDPSEJOH UP #JSLIPGG�T $POKFDUVSF UIF JOUFHSBCJMJUZ
PG UIF CJMMJBSE CBMM NBQ JT DIBSBDUFSJTUJD PG FMMJQTFT�
5IJT DPOKFDUVSF JT POF PG UIF )PMZ (SBJMT PG UIF TUVEZ
PG NBUIFNBUJDBM CJMMJBSET�

5IF UFSN iJOUFHSBCJMJUZw DBO CF VOEFSTUPPE JO EJG�
GFSFOU XBZT� GPS FYBNQMF POF NBZ BTTVNF UIBU B
OFJHICPSIPPE PG UIF CPVOEBSZ PG UIF CJMMJBSE UBCMF JT
GPMJBUFE CZ DBVTUJDT PS UIBU UIF CJMMJBSE CBMM NBQ QPT�
TFTTFT B QPMZOPNJBM JOUFHSBM 	BMHFCSBJD JOUFHSBCJM�
JUZ
 FUD� " WBSJFUZ PG SFTVMUT UPXBSE #JSLIPGG�T $PO�
KFDUVSF BSF BWBJMBCMF� NBOZ XFSF PCUBJOFE SFDFOUMZ

Figure 1: Two beads on a wire, bounded by two “walls” and 
three beads on a ring.
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<� � � �� �� �� ��>� 8F SFGFS UP <��> BOE SFGFSFODFT
UIFSFJO GPS B NPSF EFUBJMFE BDDPVOU PG UIJT UPQJD�

*WSJJ $POKFDUVSF� "OPUIFS iCJHw DPOKFDUVSF UIBU NP�
UJWBUFT NVDI SFTFBSDI JO UIJT BSFB CFMPOHT UP 7� *WSJJ
<��>� UIF QFSJPEJD CJMMJBSE USBKFDUPSJFT PG B CJMMJBSE JO
&VDMJEFBO TQBDF DPNQSJTF B OVMM TFU� 5IJT DPOKFDUVSF
QMBZT BO JNQPSUBOU SPMF JO TQFDUSBM BOBMZTJT� BTTVN�
JOH JU *WSJJ QSPWFE UIF 8FZM DPOKFDUVSF PO UIF BT�
ZNQUPUJD CFIBWJPS PG UIF FJHFOWBMVFT PG UIF -BQMBDF
PQFSBUPS JO B EPNBJO XJUI UIF %JSJDIMFU CPVOEBSZ
DPOEJUJPOT�

*WSJJ�T DPOKFDUVSF SFNBJOT PQFO JO HFOFSBM� IPXFWFS
QBSUJBM BOTXFST IBWF CFFO HJWFO� 5IJT DPOKFDUVSF
XBT QSPWFO CZ <��> VOEFS UIF BTTVNQUJPO UIBU UIF
CPVOEBSZ PG UIF EPNBJO JT BOBMZUJD� " HFOFSJD QPT�
JUJWF BOTXFS IBT CFFO HJWFO JO <��> XIFSF JU JT
QSPWFO VTJOH B USBOTWFSTBMJUZ UIFPSFN UIBU GPS B
HFOFSJD EPNBJO UIF TFU PG QFSJPEJD PSCJUT PG BOZ HJWFO
QFSJPE JT åOJUF� /PUF UIBU *WSJJ�T DPOKFDUVSF IPMET JG
BOE POMZ JG JU JT USVF GPS UIF TFU PG QFSJPEJD PSCJUT

PG BOZ HJWFO QFSJPE� 'PMMPXJOH UIJT JEFB <��> BOE
MBUFS <��> QSPWFE UIF DPOKFDUVSF GPS 3�QFSJPEJD PSCJUT�
5IFTF SFTVMUT XFSF BMTP FYUFOEFE UP 4�QFSJPEJD PS�
CJUT TFF <��>�

4QFDUSBM SJHJEJUZ� 5IFSF JT B SFNBSLBCMF SFMBUJPO CF�
UXFFO UIF -BQMBDF TQFDUSVN PG B EPNBJO BOE B EZ�
OBNJDBMMZ EFåOFE PCKFDU LOPXO BT UIF -FOHUI 4QFD�
USVN DPMMFDUJOH UIF MFOHUIT PG QFSJPEJD CJMMJBSE USB�
KFDUPSJFT JO UIF EPNBJO� *O UIF TBNF TQJSJU BT .BSD
,BD�T RVFTUJPO i$BO POF IFBS UIF TIBQF PG B ESVN w
JU JT UIFO OBUVSBM UP JOWFTUJHBUF UP XIJDI FYUFOU POF
DBO iIFBSw B CJMMJBSE EPNBJO OBNFMZ SFDPWFS HFP�
NFUSJD JOGPSNBUJPO PO JUT TIBQF GSPN JUT MFOHUI TQFD�
USVN PS QPTTJCMZ TIPX UIBU JU JT TQFDUSBMMZ EFUFS�
NJOFE CZ JU VQ UP JTPNFUSZ� 4FF SFDFOU BEWBODFT
<�� �� ��>�

4ZNQMFDUJD DBQBDJUJFT 7JUFSCP DPOKFDUVSF BOE
.BIMFS DPOKFDUVSF� UIFSF JT B TVSQSJTJOH SFMBUJPO
CFUXFFO UXP XFMM�LOPXO DPOKFDUVSFT UIF .BIMFS
DPOKFDUVSF SFHBSEJOH UIF WPMVNF QSPEVDU PG TZN�
NFUSJD DPOWFY CPEJFT BOE UIF 7JUFSCP DPOKFDUVSF BO
JTPQFSJNFUSJD�UZQF TUBUFNFOU GPS TZNQMFDUJD DBQBD�
JUJFT PG DPOWFY CPEJFT� 5IF MFOHUI PG UIF TIPSUFTU
CJMMJBSE USBKFDUPSZ JO B DPOWFY CPEZ JT SFMBUFE UP JUT
&LFMBOE�)PGFS�;FIOEFS TZNQMFDUJD DBQBDJUZ <�> BOE
BQQMJFE UP .JOLPXTLJ CJMMJBSET <��> UIJT JNQMJFT UIBU
UIF TZNQMFDUJD JTPQFSJNFUSJD DPOKFDUVSF JNQMJFT UIF
.BIMFS DPOKFDUVSF <�>�

5IFTF QSPCMFNT BMPOH XJUI NBOZ PUIFS JOUSJHV�
JOH POFT IBWF SFDFOUMZ FYQFSJFODFE B SFOBJTTBODF
UIBOLT UP TJHOJåDBOU CSFBLUISPVHIT� 5IFTF CSFBL�
UISPVHIT IBWF SFJHOJUFE SFTFBSDI JOUFSFTU JO UIFTF
UPQJDT� *U XBT XJUIJO UIJT DPOUFYU UIBU UIF QSP�
HSBN UJUMFE i.BUIFNBUJDBM #JMMJBSET� BU UIF $SPTT�
SPBET PG %ZOBNJDT (FPNFUSZ "OBMZTJT BOE .BUI�
FNBUJDBM 1IZTJDTw UPPL QMBDF GSPN 0DUPCFS � UP %F�
DFNCFS �� ���� BU UIF 4JNPOT $FOUFS GPS (FPNF�
USZ BOE 1IZTJDT� 5IJT FWFOU QSPWJEFE BO PQQPSUVOJUZ
UP HBUIFS SFTFBSDI DPNNVOJUJFT XPSLJOH PO WBSJPVT
BTQFDUT PG UIF TUVEZ PG NBUIFNBUJDBM CJMMJBSET BOE UP
FYQMPSF UIF OFX BOE JOUFSFTUJOH EJSFDUJPOT UIBU BSF
FNFSHJOH�

1BSUJDJQBOUT XFSF JOWPMWFE JO B WBSJFUZ PG BDUJWJUJFT
JODMVEJOHXFFLMZ TFNJOBST NJOJ�DPVSTFT EJTDVTTJPO
HSPVQT BOE SFTFBSDI QSPKFDUT�

MATHEMATICAL BILLIARDS AND RELATED TOPICS 

Figure 2: Billiard in an ellipse and its phase portrait.



   

)FSF JT B MJTU 	XJUI B TIPSU TZOPQTJT
 PG TQFDJBM NJOJ�
DPVSTFT PGGFSFE EVSJOH UIF QSPHSBN�

,F ;IBOH 	6OJWFSTJUZ PG 5PSPOUP $BOBEB
� ,".
BOE GPSNBM NFUIPET GPS DPOWFY CJMMJBSET� *O UIJT
DPVSTF BO BQQMJDBUJPO XBT QSFTFOUFE PG UIF NFUI�
PET PG ,". UIFPSZ BOE GPSNBM QPXFS TFSJFT UP DPO�
TUSVDU DPOWFY CJMMJBSET XJUI SBUJPOBM DBVTUJDT BOE
GPSNBMMZ JOUFHSBCMF CJMMJBSET 	BGUFS B DPOTUSVDUJPO PG
5SFTDIFW
�

7MBEJNJS %SBHPWJD 	5IF 6OJWFSTJUZ PG 5FYBT BU %BM�
MBT 64"
� *OUFHSBCMF #JMMJBSET &YUSFNBM 1PMZOPNJ�
BMT BOE *TPIBSNPOJD %FGPSNBUJPOT� 5IF BJN PG
UIJT DPVSTF XBT UP QSFTFOU B SFDFOUMZ FTUBCMJTIFE
TZOFSHZ PG JOUFHSBCMF CJMMJBSET FYUSFNBM QPMZOPNJ�
BMT 3JFNBOO TVSGBDFT DPNCJOBUPSJDT QPUFOUJBM UIF�
PSZ BOE JTPNPOPESPNJD EFGPSNBUJPOT� 5IF DSPTT�
GFSUJMJ[BUJPO CFUXFFO JEFBT DPNJOH GSPN UIFTF EJT�
UJODU åFMET IBT CFFO MFBEJOH UP OFX SFTVMUT JO FBDI
PG UIFN�

$BSMBOHFMP -JWFSBOJ 	6OJWFSTJUË EJ 3PNB i5PS 7FS�
HBUBw *UBMZ
� 4UBUJTUJDBM QSPQFSUJFT PG )ZQFSCPMJD #JM�
MJBSET� *O UIJT TFSJFT PG MFDUVSFT TPNF SFDFOU SFTVMUT
BOE PQFO QSPCMFNT DPODFSOJOH UIF TUBUJTUJDBM QSPQ�
FSUJFT PG IZQFSCPMJD CJMMJBSET XFSF QSFTFOUFE� *O QBS�
UJDVMBS UIF FNQIBTJT XBT QVU PO TPNF NBUIFNBUJ�
DBM UFDIOJRVFT VTFGVM UP UBDLMF TVDI QSPCMFNT TVDI
BT TUBOEBSE QBJST EZOBNJDBM GVODUJPOBM TQBDFT BOE
USBOTGFS PQFSBUPST TUSJDUMZ JOWBSJBOU DPOFT BOE UIF
)JMCFSU NFUSJD�

1BV .BSUJO BOE 3BGBFM 3BNJSF[�3PT 	6OJWFSTJUBU
1PMJUÒDOJDB EF $BUBMVOZB 4QBJO
� &YQPOFOUJBMMZ
TNBMM QIFOPNFOB JO BOBMZUJD DPOWFY CJMMJBSET� .BOZ
QFSJPEJD BOE IFUFSPDMJOJD CJMMJBSE USBKFDUPSJFT PDDVS
JO HSPVQT TP JU JT OBUVSBM UP DPNQBSF UIFJS MFOHUIT�
5IJT DPVSTF GPDVTFE PO UXP TDFOBSJPT JO XIJDI TVDI
MFOHUI EJGGFSFODFT BSF FYQPOFOUJBMMZ TNBMM JO TPNF
QBSBNFUFST� "OBMZUJDJUZ JT B LFZ IZQPUIFTJT GPS TVDI
QIFOPNFOB� 4FWFSBM QSPCMFNT BOE SFTVMUT XFSF EF�
TDSJCFE CPUI UIFPSFUJDBMMZ BOE OVNFSJDBMMZ�

"MFYFZ (MVUTVZL 	&/4 -ZPO 'SBODF
� 0O BMHF�
CSBJDBMMZ JOUFHSBCMF QMBOBS EVBM BOE QSPKFDUJWF CJM�
MJBSET� *O UIJT DPVSTF B TVSWFZ XBT QSFTFOUFE PG UIF
#JSLIPGG $POKFDUVSF BOE TPMVUJPOT CZ UIF BVUIPS PG JUT
EJGGFSFOU BMHFCSBJD WFSTJPOT BOE GPS EJGGFSFOU DMBTTFT
PG CJMMJBSE NPEFMT�

5IF QSPHSBN XBT TVDDFTTGVM GPTUFSJOH OVNFSPVT
FOHBHFNFOUT BNPOH QBSUJDJQBOUT� "T B SFTVMU PG
UIFTF NBOZ SFTFBSDI DPMMBCPSBUJPOT BOE QSPKFDUT
IBWF TUBSUFE� 4PNF IBWF BMSFBEZ SFTVMUFE JO
QSFQSJOUT BOE NPSF BSF VOEFSXBZ� 8F XPVME MJLF
UP DPODMVEF UIJT OPUJDF CZ EFTDSJCJOH B QSPCMFN JO
XIPTF TUVEZ UIF TFDPOE BVUIPS PG UIJT OPUF XBT JO�
WPMWFE KPJOUMZ XJUI (� #PS BOE .� 4QJWBLPWTLZ�

$POTJEFS B #JSLIPGG CJMMJBSE UBCMF BOE B TPVSDF PG MJHIU
JOTJEF JU� 5IF SBZT PG MJHIU UIBU IBWF VOEFSHPOF n SF�
ýFDUJPOT PGG UIF CPVOEBSZ GPSN B ��QBSBNFUFS GBN�
JMZ PG MJOFT BOE UIJT GBNJMZ IBT BO FOWFMPQF UIF nUI

DBVTUJD CZ SFýFDUJPO� *U JT LOPXO UIBU GPS FWFSZ n
UIJT DBVTUJD IBT BU MFBTU GPVS DVTQT TFF <�>� 5ZQJDBMMZ
UIF OVNCFS PG DVTQT HSPXTXJUI n CVU DPNQVUFS FY�
QFSJNFOUT TIPX UIBU JG UIF UBCMF JT FMMJQUJD UIFO UIJT
OVNCFS SFNBJOT FRVBM UP � GPS BMM n TFF 'JHVSF ��

4P GBS XF IBWF QSPWFE UIJT DPOKFDUVSF JO UIF TJN�
QMFTU DBTF PG B DJSDMF� 8F BMTP LOPX 	J�F� DBO QSPWF
JU
 XIFSF UIFTF GPVS DVTQT BSF MPDBUFE� UIFSF BSF GPVS
PSJFOUFE MJOFT UISPVHI QPJOU O UIBU BSF UBOHFOU UP

OE

C

HH

Figure 3: Point O is the source of light inside an ellipse, the red 
and blue curves are the first and second caustics by reflection, 
E and H are the confocal conics through point O.
 

Figure 4: Ellipsoid with the net of the lines of curvature. The 
billiard inside such a curve is completely integrable (the trajec-
tories are the geodesics, and the reflection is defined by the 
law of equal angles).
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UIF UXP DPOGPDBM DPOJDT UIBU QBTT UISPVHI UIJT QPJOU
BOE UIF DVTQT PG UIF nUI DBVTUJD CZ SFýFDUJPO BSF UIF
QPJOUT PG UBOHFODZ PG UIFTF n UJNFT SFýFDUFE SBZT
XJUI UIF SFTQFDUJWF DBVTUJDT�

" TJNJMBS SFTVMU BOE B TJNJMBS DPOKFDUVSF FYQBOE UP B
XJEFS DMBTT PG -JPVWJMMF CJMMJBSET CPVOEFE CZ B DPPS�
EJOBUF DVSWF PG B 3JFNBOOJBONFUSJD IBWJOH B TQFDJBM
GPSN (f(x) + g(y))(dx2 + dy2) 	TFF GPS JOTUBODF <��>
�
5IF &VDMJEFBO QMBOF BENJUT FMMJQUJD DPPSEJOBUFT JO
XIJDI UIF NFUSJD IBT UIJT -JPVWJMMF GPSN BOE UIF DP�
PSEJOBUF DVSWFT BSF DPOGPDBM DPOJDT� "OPUIFS FYBN�
QMF JT UIF TVSGBDF PG B USJBYJBM FMMJQTPJE JO &VDMJEFBO
TQBDF XJUI UIF DPPSEJOBUF DVSWFT CFJOH UIF MJOFT PG
DVSWBUVSF TFF 'JHVSF ��

5IJT QSPCMFN JT B CJMMJBSE WFSTJPO PG B QSPCMFN TUVE�
JFE CZ +BDPCJ JO IJT QPTUIVNPVTMZ QVCMJTIFE i-FD�
UVSFT PO %ZOBNJDT�w +BDPCJ DPOKFDUVSFE UIBU UIF
DPOKVHBUF MPDVT PG B HFOFSJD QPJOU PO B UISFF�BYJBM FM�
MJQTPJE IBE FYBDUMZ GPVS DVTQT� 5IJT -BTU (FPNFUSJD
4UBUFNFOU PG +BDPCJ XBT QSPWFO POMZ SFDFOUMZ <��>�
0OF DBO DPOTJEFS UIF TFDPOE UIJSET FUD� DPOKVHBUF
QPJOUT BMPOH UIF HFPEFTJDT FNBOBUJOH GSPN B QPJOU
BOE DPOKFDUVSBMMZ FBDI PG UIFTF MPDJ BMTP IBT FYBDUMZ
GPVS DVTQT� 5IJT QSPCMFN JT OPUPSJPVTMZ IBSE UIPVHI
BOE OPU NVDI QSPHSFTT IBT CFFO NBEF UIVT GBS�
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