1 What is the IBVP in Quantum gravity?

Some of the proofs of ill/well posedness in pure GR make essential use of arbitrarily short scales. For
example, to analyze continuity at the level of the classical PDEs one might take a limit of infinite
momentum and vanishing amplitude. Moreover, in terms of dynamics the stability structure may
depend on short distance details of the boundary.

Timelike boundaries as models in the low energy theory have zero thickness, with instantaneous
reflection. This is directly UV sensitive. QFT two point function calculations in the presence of
a boundary yield a formally UV divergent accumulation of stress energy very near the boundary.
The UV completion would be expected to cut this off, leaving a finite result at some UV scale.

We can be more precise about that in quantum gravity, where there are compelling indications
that GR is not a reliable guide to short distance physics. In perturbative string theory, ampli-
tudes soften exponentially with energy above the scale of the string tension, and the range of the
interactions spread out in spacetime at high energies. Singular behaviors at the level of GR get
smoothed out by this in various examples. Holography indicates that the volume’s worth of degrees
of freedom in perturbative GR and effective field theory is not reliable, with spacetime ultimately
formulated in terms of an area’s worth of degrees of freedom in Planck units. Deformations of
AdS/CFT that fit with a finite spherical Dirichlet boundary automatically remove the arbitrarily
high energy-momentum states from the spectrum. Liouville walls produce unit reflection amplitude
(with a phase), but higher energy modes penetrate further than low energy ones.

As a result, it is important to determine the appropriate consistency conditions for timelike
boundaries in quantum gravity. From the bottom up, we might approach this by keeping track of
the elements of well/ill posedness proofs that are robust against UV completion versus those that
depend essentially on trusting GR to arbitrarily short scales. Moreover, if short-scale deformations
of the boundary conditions change the stability structure, this also reflects the importance of the
UV details. One question in this direction is whether or not any known function classes that might
be softer in the UV than arbitrary smooth functions could consistently serve as relevant initial data.
From the top down, string theory amplitudes in the presence of boundaries and dual descriptions
afforded by holographic deformations of AdS/CFT can weigh in on the question, for example.

In sum, an important goal of the workshop is to define the appropriate version of the IBVP for
quantum gravity.
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Issue: How to describe the space E of all solutions of vacuum Einstein equations on a finite domain?
What do solutions depend on? Is there an effective parametrization? E is the covariant pre-phase space for
vacuum gravity in a finite “box” or “cavity”.

Topology: spacetime M = I x S, S is a compact Cauchy surface. If S = (), then local-in-time well-
posedness for Cauchy problem (Choquet-Bruhat) gives

£=1/~,

where & = E/Diff (M) is the moduli space (basically equal to the covariant phase space) of vacuum Einstein
metrics and Z = {(gs, Ks)} = space of vacuum initial data on Cauchy slice S - satisfying Hamiltonian and
momentum constraints. The equivalence relation ~ identifies Cauchy data appearing as different slices of a
given solution (M, g) € E.

From Einstein-Hilbert action Sg g, can set up covariant phase space, associated (conserved) pre-symplectic
form, observables or Hamiltonians on phase space, etc. But by general covariance, all such observables
associated to spacetime quantities are trivial, reflecting the holographic properties of gravity.

So consider S compact but

05 =X # 0.

Now solutions to Cauchy problem only give metrics on causal diamonds = domain of dependence of initial

data (S, gs, Ks). No notion of time translations of S off the corner .

Need to specify boundary conditions to determine evolution off S. Let B = a space of boundary data on
timelike boundary (cylinder) C = I x X. Choice of boundary data b € B should determine evolution of X
into C.

Criteria for boundary data:

e Should be gauge invariant. The gauge group is now broken or reduced to Diffo(M) - the group of
diffeomorphisms leaving the boundary C pointwise fixed. So boundary data should depend only on geometric
data on the boundary C; primarily data coming from the pair (g¢, K¢) where g¢ is the induced metric and
K¢ is the extrinsic curvature of the boundary.

e The boundary data should be variational. Should arise from a boundary action, boundary Lagrangian
L.

Examples: Dirichlet (prescribe boundary metric g¢), Neumann (prescribe extrinsic curvature K¢), mixed
Dirichlet-Neumann, .....

Question. Is there choice of boundary data space B such that initial boundary value problem (IBVP) is
well-posed? So have good correspondence or smooth parametrization

(0.1) £=1Tx,B?

So solutions described uniquely by initial and boundary data and conversely, any such data gives a solution
depending smoothly on the data. Here the gauge group Diffy(M) are diffeomorphisms fixing S UC and the
subscript ¢ denotes compatibility conditions between the data Z and B at the corner ¥. The question
refers only to local-in-time behavior.

For some classes of boundary data, e.g. conformal boundary data, the right-side of has to be enhanced
by including a space A of edge modes at 3, replacing then Z x. B by [Z x B x Al..

State-of-the-art:
No single example of such B is yet known for which (0.1)) holds in full generality.
Maybe (0.1) is too optimistic. The moduli space £ is both very large and may be very complicated
(unknown). While Z x. B is also very large, it is relatively explicit and not so complicated. Hence a global
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identification as in may be too much to expect (even though it does hold for the Cauchy problem).
One could ask instead: is true generically, i.e. is there such an identification on an open-dense subset
of £7 Some positive evidence of this for Dirichlet boundary data.

A further test of well-posedness (and so criteria for choice of B) comes from the following:

Conjecture: Given B, suppose the IBVP is well-posed, so holds (maybe on open-dense set). Then
the corresponding space of time-independent boundary data By C B forms a well-posed boundary value
problem for the (elliptic) stationary vacuum Einstein equations.

Note: Well-posed elliptic BVP does not mean existence and uniqueness. It means the map

{solutions} — {boundary data}

is Fredholm (modulo gauge) - the linearization has finite dimensional kernel and cokernel. E.g. Neumann
BVP for scalar Laplacian Au = f on Q, d,u = g on 99 is well-posed - it is elliptic BVP - but always has
kernel and cokernel (so non-existence and non-uniqueness).

Fix any b € B and let E;, space of vacuum Einstein metrics with fixed boundary data b. If IBVP well-posed,
then
Ey ~ Z., mod diffeo
where Z. is subset of Cauchy data compatible with b at corner 3. So E; is uniquely determined modulo
gauge by compatible Cauchy data. (This serves as a test of well-posedness).
If B has a variational formulation, then the covariant pre-phase space E;, has conserved pre-symplectic
structure 2 and so have observables

O:E,—R
and in particular Hamiltonians
(0.2) He :Ey = R
associated to vector fields £ on M which preserve the boundary condition b € B.

Questions.

e For a given &, is H¢ bounded below on E,?

o If so, does a minimizer (M, g) of H¢ exist? (Critical points (M, g) of H¢ in are stationary solutions
if £ is timelike on the boundary C).

o Is there a positive energy or mass theorem for H¢? This is a quasi-local version of the positive mass
theorem for AF Cauchy surfaces in GR.

If (0.1) can be established in some form for boundary data B, then it becomes important to study the
long-time behavior, stability/instability of global solutions, etc. In the case edge modes A are present in
(0.1)), global stability may well require fine-tuning of the edge modes at .
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